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ABSTRACT: In [fl, f] it has been mentioned that the Cabibbo angle ¢ might arise from a
dihedral flavor symmetry (which is broken to different (directions of) subgroups in the up
and the down quark sector). Here we construct a low energy model which incorporates this
idea. The gauge group is the one of the Standard Model and D7 x ZQ(aux)

symmetry. The additional ZQ(aux) is necessary in order to maintain two sets of Higgs fields,

serves as flavor

one which couples only to up quarks and another one coupling only to down quarks. We
assume that D7 is broken spontaneously at the electroweak scale by vacuum expectation
values of SU(2);, doublet Higgs fields. The quark masses and mixing parameters can be
accommodated well. Furthermore, the potential of the Higgs fields is studied numerically
in order to show that the required configuration of the vacuum expectation values can be
achieved. We also comment on more minimalist models which explain the Cabibbo angle
in terms of group theoretical quantities, while 0‘113 and 6‘213 vanish at leading order. Finally,
we perform a detailed numerical study of the lepton mixing matrix Vying in which one of
its elements is entirely determined by the group theory of a dihedral symmetry. Thereby,
we show that nearly tri-bi-maximal mixing can also be produced by a dihedral flavor group
with preserved subgroups.

KEYwoORDS: Discrete and Finite Symmetries, Neutrino Physics, Quark Masses and SM|

Parametery.
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Discrete groups have been widely used as flavor symmetry. However, only in some special

cases there is a direct connection between the flavor group G and the resulting mix-

ing pattern for the fermions, i.e. a correlation which does not rely on further parameter

equalities not induced by Gr. This has probably been first exploited in the successful

Ay models [{] to predict tri-bi-maximal mixing (TBM). Later on this has been studied in

a more general way with the help of so-called mass-independent textures [f]l. In [}] the

groups which can produce TBM (at least partly), if non-trivial subgroups are preserved in



the neutrino and charged lepton sector, have been constructed, a recipe is given to generate
other mixing patterns in the same way and a possibility to explain the Cabibbo angle 6¢
has been briefly mentioned. In our recent paper [[[] we conversely derived the possible mass
matrix structures arising from dihedral symmetries, if they are broken in a non-trivial way
and studied how they can lead to maximal atmospheric mixing and vanishing 63 as well
as to a prediction of fc. The key feature in all these studies is the existence of residual
subgroups in different sectors of the theory. Especially, the fact that sizable mixing results
from the mismatch of two different (directions of) subgroups is important. For example, in
the group A4 (7") [B, B] which has been studied in great detail TBM in the lepton sector
is predicted, if one assumes that the left-handed leptons transform as a triplet under Ay
(T"), and the left-handed conjugate leptons, e, u¢ and 7¢, as the three non-equivalent
one-dimensional representations of the group. There exist two sets of gauge singlets which
transform non-trivially under A4 (T”): one set only couples to neutrinos at the leading or-
der (LO), while the other one only to charged leptons (fermions). The first one breaks A4
(T") spontaneously down to Zs (Z4) and the latter one down to Zs. The lepton mixing then
stems from two sectors in which different subgroups of Ay (T”) are conserved. In contrast
to this, the up quark and down quark mass matrix preserve the same subgroup at LO [f].
In I, f] it has been observed that f¢c or equivalently the CKM matrix element |Vy,| can
be predicted with a dihedral flavor symmetry in terms of group theoretical indices only,
such as the index n of the group D, the index j of the representation under which the
(left-handed) quarks transform and the misalignment of the two different (directions of)
subgroups Zo =< BA™* > and Zo =< BA™d >:

cos <M>‘ (1.1)

|VUS| =
n

There is a crucial difference between these two examples using a dihedral group and Ay
(T") as flavor symmetry, namely the issue whether the representations under which the
Higgs (flavon) fields transform are chosen or not. In [I, f] it was assumed that the trans-
formation properties of the Higgs fields are not selected by hand, but it was only required
that their vacuum expectation values (VEVs) conserve the relevant subgroup of the flavor
symmetry. Due to this the resulting mass matrices are only determined by the choice of
the fermion representations, the flavor group and the preserved subgroups, but not by the
choice of the scalar fields. However, in the case of the Ay (T”) it is necessary to choose the
transformation properties of the scalar fields properly, i.e. one has to exclude scalars which
transform as non-trivial singlets under A4 (7”) and couple to neutrinos at LO, in order to
arrive at the TBM scenario [B, f|-[.

In this paper we investigate the idea of [fl, fl] by constructing a viable (low energy) model
for the quark sector. The gauge group is chosen to be the one of the Standard Model (SM),
while the smallest flavor symmetry which is appropriate is D7. This group has already been
employed as flavor symmetry in [ﬂ] in order to produce textures in the up and down quark
mass matrices which lead to a prediction of sin(2 3) (sin(2¢;)), which is the CP violation
parameter in B decays. In our analysis we study the mass matrices numerically in order
to demonstrate that all quark masses and mixing parameters can be accommodated. We



discuss the Higgs potential under the assumption that all involved fields are copies of the
SM Higgs doublet. Furthermore, instead of accommodating all quark mixing angles at LO
it is also worth studying setups in which the Cabibbo angle is predicted in terms of group
theoretical quantities, while the two other mixing angles are zero. This can be done in at
least two different ways which we will discuss. Finally, we motivate possible extensions of
the model to the lepton sector by performing a detailed numerical study. Additionally, we
show that nearly TBM can be also accommodated by using a dihedral flavor symmetry.
The paper is organized as follows: in section B we review the findings of [lJ] which we
explore in more detail; section | treats the mixing matrix Vo only - in an analytic way
as well as numerically; in section { we study a model for the quark sector which incorpo-
rates the idea presented in [fl, P] and show that it fits both quark mixings and masses; in
section [| the Higgs potential, belonging to one of the models of section [, is discussed and
a numerical analysis proves that the advocated VEV structure can be achieved. Section fj
is devoted to ansiitze in which only the Cabibbo angle is generated at LO. In section [
we perform a similar analysis, as for the quark mixing matrix Voxm in section fl, for the
lepton mixing matrix Vying. Thereby, we assume that the neutrinos are Dirac particles
as all the other fermions and are normally ordered. Finally, we summarize our results in
section § Appendix [A] contains the possible forms of the mixing matrices Voxn and Virns.
In appendix [B| the group theory of D7 is presented. Further details of the study of the
Higgs sector are relegated to appendix [d.

2. Basics

In this section we repeat the findings of [l concerning the possible structure of (Dirac)
mass matrices with a non-vanishing determinant. They are of the form:

A0DO A0O
Mi=|0Bo |, My=|00B (2.1)
00C 0CO
AO0O
Ms=|oBC|, (2.2)
0DFE
0 A B A C Ce iok
My = C D E and My = B D E

(2.3)

where A, B,C, D, E are complex numbers which are products of Yukawa couplings and
VEVs, ¢ = 27” m (n: index of the dihedral group, m: index of the breaking direction)
and j, k are indices of representations. Regarding My notice that we presented in [fl] the
transpose of this matrix. However, a transposition in general only corresponds to the
exchange of the transformation properties of the left-handed and left-handed conjugate

fields under the flavor symmetry and therefore does not change the group theoretical part



of the discussion. These matrices are determined up to permutations of columns and rows
which correspond to permutations among the three generations of the fields. We work in
the SM and with the assumption that all Higgs fields H in the model are copies of the SM
one. Therefore the displayed mass matrices are those for down-type fermions, i.e. down
quarks and charged leptons. The corresponding ones for up-type fermions, i.e. up quarks
and (Dirac) neutrinos, require some changes due to the fact that only the conjugates of the
Higgs fields, e H*, couple to up-type fermions and that we use complex matrices for the two-
dimensional representations of D,,. According to the rules of [[[] My and Ms are of the form

0 A B A Cel?k C
My = | Ce?l D%l EBet®l | and Mz = | Bel®i De'?litk) peio(-k) (2.4)
-C D E B E D

Explicit examples are given in section [|. We concentrate on the last two forms, M, and
M3, since we want to accommodate all masses and mixing parameters at tree level (apart
from section [f) and also would like to have the same mass matrix structure for up quarks
(Dirac neutrinos) and down quarks (charged leptons).

Let us briefly mention the origin of the matrix structures My and Ms. The flavor sym-
metry is a single-valued dihedral group D,, with arbitrary index n. The preserved sub-
group is in both cases Zo =< BA™ > where m = 0,1,...,n — 1. This subgroup allows
non-vanishing VEVs for the following one-dimensional representations: 17 (is always al-
lowed to have a VEV), 13 for m even and 14 for m odd. All two-dimensional repre-
sentations acquire a so-called structured VEV, i.e. for two fields v 2 transforming as an
irreducible two-dimensional representation 2, their VEVs have to have the correlation:

_2mipm

(1) = (a)e” = . The notation of the representations used here is according to the one
given in [fl. In case of My we take the left-handed fields L to transform as 1+ gj under
the dihedral group, and the left-handed conjugate fields L¢ transform as the three singlets
1; L +li2 +li3' A study of all possible assignments shows that one of the entries in the first
row needs to be zero in order to prevent the determinant of the matrix from being zero. The
matrix structure Ms arises, if both left-handed and left-handed conjugate fermions trans-
formas1+2, L ~ (li,zj) and L¢ ~ (1},2) ). Here the constraint det(M) # 0 enforces the
(11) element of the mass matrix to be non-zero, i.e. 1; x 1 has to have a non-vanishing VEV.
To study the mixing matrices arising from M, and Ms for down-type as well as up-type

fermions we observe that the products M; Mj , 1 =4,5, can be written in the general form

a belB pet (B+01)
be th c det®
be_i (/B'l'd)‘]) de_id)j C

where a, b, ¢, d and 3 are real functions of A, B, C, D and E. The phase [ lies in the interval
[0,27). Since we work in the basis in which the left-handed fields are on the left-hand side
and the left-handed conjugate fields on the right-hand side, the unitary matrix which diag-
onalizes M; MZ-Jr acts on the left-handed fields and therefore determines the physical mixing
matrices. The three eigenvalues are given as (¢ — d), 3 (a+c+d — /(a —c— d)? + 8b?)




and % (a+c+d+/(a—c—d)?2+8b2). Assuming this ordering of the eigenvalues the
mixing matrix U which fulfills UT M; MZ-Jr U = diag is of the form:

0 cos(f)e'P  sin(f)e'P
1 idj __sin(f) cos(0)
U=|-5" V2 V2
1 __sin(6) e—i0] cos(6) i)
V2 V2 V2

The angle 6 is determined to be tan(26) = +\£_ <. Therefore it lies in the interval [0, 7).
If the three eigenvalues are not degenerate, the eigenvectors are determined by them up to
phases.! Therefore the variants of the mixing matrix U are given by permutations of the
columns. With this at hand we can look for possible interesting structures in the mixing
matrix which is just the product of two matrices of this form, i.e. V = W{f Wi with W;
being a variant of U. For V = Vo we have Wy = U, which is the unitary matrix diago-
nalizing the up quark mass matrix and Wy = U; which is the corresponding matrix for the
down quarks. In case of V' = Vuns, Wi is equivalent to U; and Wy to U,.2 The matrix W;
contains the group theoretical phase ¢; according to the breaking direction m;, the angle 6;
and the phase §;. For W = U,, we also use the notation ¢,, m,, 6, and G,. An analogous
convention is used for Uy, U; and U,. It turns out that one of the elements is determined
by the index j of the representation zj under which two of the left-handed fields transform
and the difference of the group theoretical phases ¢ and ¢9 only. The actual form of (the
absolute value of) the element is

1 _|_ei(¢1—¢2)j‘ —

cos (1= 60 3)| = [eos (Zm - ma)i)| 29

Note that this value is only non-trivial, if m; # meo, i.e. the (directions of the) subgroups
which are preserved in the up quark (Dirac neutrino) sector and the down quark (charged
lepton) sector are not the same. This element can be traced back to the eigenvectors
which correspond to the eigenvalue ¢ — d. Therefore the ordering of the eigenvectors in the
up quark (Dirac neutrino) and down quark (charged lepton) sector determines in which
position of the mixing matrix the fixed element appears.

In [il, B it was already mentioned that one can accommodate the CKM matrix element |V,s|
by cos( 1) ~ (.2225, i.e. by taking n = 7 and for example j = 3, m,, = 1 and mg = 0 in
eq. (E) Here we show first which of the other elements of Vok can also be accommodated
well by the form |cos(Z (m, — myg)j)|. The elements of Vexn are precisely measured [§]

0.9738370 00055 0.2272700010  (3.967009) x 1073
Vexum| = 0.227110-5010 0.9729615- 00020 (42.217045) x 1073
(8.1470:32) x 1073 (41.611012) x 1073 0.99910075:050034

1Since the eigenvectors should be normalized their length is fixed to one.
2Throughout the paper we assume that the neutrinos are Dirac particles for simplicity. Therefore Vains
has the same structure as Vcku, i.e. there are no (additional) Majorana phases present in the lepton sector.



together with the Jarlskog invariant [[] Jop = (3.087915
values of n smaller than 30, since then the group order is smaller than 60. Using eq. (.5)

) x 107°. We restrict ourselves to

we see that we can put the elements of the 1 — 2 sub-block, i.e. [Vyg|, |Vus|, |Vea| and |V,

into this form. As |V,4| = |Vis| holds to good accuracy, also |V,4| can be described well by
3T

7
points towards the flavor group D14. Note that the value of |V,4| as well as of |V,4| can

cos(5). Furthermore |V,4| = |Ves| can be approximated well as cos({7) ~ 0.9749 which
be accommodated even a bit better with 005(22—7;) ~ 0.9730. However, this needs the group
D7 which is a group of order 54 and therefore already quite large. Note that, even if |V
is taken to be cos(377r), there is no unique solution which flavor symmetry has to be used
and to which subgroup it has to be broken, since for example taking j =1, my, =3, mg =0

and n = 7 leads to |cos(Z (m, —my)j)| = |cos(3Z)| as well as j = 3, m,, = 1, myg = 0 and
n = 7. In the next section we study the cases |Vys| and |V.q| equal to cos(22) and |Vyq|

and |Vs| equal to cos({;) in greater detail and thereby check whether we can adjust the
two other mixing angles 0], and 64, with the free angles 6, and 64 and also the Jarlskog
invariant Jop with the difference of the two phases (3, and ;.

3. Analysis of Vokn only

3.1 Remarks

There are six possible forms for U which correspond to different identifications of the
eigenvalues. However, the fact that m, < m., < m; and mg <€ my; < my allows only

S(a+c+d—+/(a—c—d)?+8b2) is smaller than % (a+
c+d++/(a—c—d)?+8b%). Therefore, we will only vary the position of the eigenvector

three of them, as the eigenvalue 3

belonging to the eigenvalue ¢ — d, while keeping the ordering of the two others fixed. The
three different forms of the mixing matrix U are then:

0 cos(f) e sin(h) e’ cos() et 0 sin(f) e'#
_ | =L gigi _sin(®) cos(6) _ _sin@) 1 igj  cos(6)
U=1"w"" v 2 | U= R LA N
1 __sin(f) o i 0] cos(0) e—i0) __sin(f) e—i0) 1 cos(0) e—i0)
2 V2 V2 V2 2 V2
cos(f) e’ sin(h) e’ 0
__sin(f) cos(0) 1 idj
U = 2 V2 e
_sin(9) e_id)j cos(h) e_i¢j 1
V2 V2 V2

Combining them leads to nine distinct possibilities for the CKM matrix whose forms are
displayed in appendix [A]. Since we already mentioned that we want to concentrate on the
1 — 2 sub-block we only need to consider the four possible combinations which involve U
and U’.

3.2 Numerical study

We now discuss the results of our fits to the CKM matrix. The forms of Vi« presented
in appendix [A] show that two of the elements V|, |[Ves|, |Viq| and |Vig| are determined by
cos(fy,q) in each of the four different cases. As these elements are small, the free angles 6,



and 0y are restricted to be 04, ~ 5. Therefore 04, is expanded around 7, 0q., = § — €4,u,
€dn > 0. The resulting four CKM matrices are (up to the first order in €, ¢)

. cos(ﬁ) cos(?’T”) cgs'(?’%)ed ‘
Veru| = cos(377r) 598(1—1) %\(1+e7’)ed—2emeu\ (3.1)
cos(3Z) e, 3 |(1+e7%) e, —2e' ey 1
cos({y) cos(37”) cos({y) €d
6 .
Va2l ~ 6(:08(37”) cos(&) [(1+e7 eg—2€ ¢, (3.2)
(1 +e7 ey — 26 ¢y cos({y) €u 1
cos(75) cos(377r) %\(1+e67”) €q—2€" % €|
21 T s s
[Verml ~ COS(?’T) 600?(14) cos({g) €d (3.3)
cos({y) €u %|(1+67”)e —2e"%¢4| 1
cos(7y) cos(2Z) %|(1+e%i)ed—2e“xe |
V&l ~ cos(%F) cos({g) cos(3F) eq (3.4)
(1 +e7h) e, —2e' ey COS(377F)€U 1

Without loss of generality we have set the representation index j to 1, the group theoretical
phase ¢, to zero (m, = 0) and the phase ¢q to 2% (mq = 1, n = 14) for eq. (B.I]) and
eq. (B-4), while we take it to be & (my =3, n = 7) for eq. (B2) and eq. (BJ).
Comparing eq. (B.1]) to the best fit values of |V,;| and |V;4| given in [§] leads to €, ~ 0.0366
and €4 ~ 0.0178. The phase « is then mainly determined by the values of |V;| and |Vis].
A numerical computation leads to a best fit for a ~ 4.810.3 Furthermore one can calculate
Jop in this case:

J&b = % sin (g) sin (%) sin (26,) sin (26,,) sin (% — a)

y o (7) s (5) s (5 )

—sgin(—)sin{—) sin({— —

g "M \7) M \1g) PR ) e

A similar analysis can be carried out for the three other matrices Véf{Mv VC211<M and ng{M
with similar results which we have collected in table . The value of Jop belonging to

VC%I%M, ie. J%%, is of the same form as Jé};. For Véf{M and VC211<M one finds

Q

1 6 3 3
Jé%' = J%%;. =3 sin (;) sin <77T> sin (26y) sin (26, sin <77T — a>

—lsin bm sin 3T sin 3—7T—04
2 7 7 7 Cutd

As one can see in table[l], €y,4 have to be larger in case of VC2712<M7 since they are determined by
|Vep| and |Vig|. In this way the expansion of 6, 4 around § gets worse and the second order
in €, q becomes important. This can be seen best in |V,s| ~ 0.2225 and |V,4| ~ 0.2225 which
are lowered to 0.2186(5) such that the discrepancy between the experimentally measured

&Q

3We performed a x? fit of Jcp and all elements of |Vexwm| excluding the one which is fixed by group theory.
Instead of taking the (very small) experimental errors we simply assumed 10% errors for all quantities.



Parameters V(%I%M Vé%(M V(%Il(M V(%IZ(M
€u +0.0364 | +0.0427 | 40.00831 | +0.188
€4 +0.0177 | +0.00405 | +0.0433 | +0.191
« 4.810 2.355 1.764 0.2056

Table 1: Fit results for €,,4 (6.,4) and the phase a for Vexm with either [Vigl, [Vas!, [Veal or [Ves|
being group theoretically determined.

value and the result of the fit gets larger. However, corrections from higher-dimensional
operators and explicit breakings of the residual subgroups can lead to further contributions
allowing all data to be fitted successfully.

4. Analysis of the quark sector

In a next step, we construct a viable model at least for the quark sector. The model is
viable, if we find a numerical solution which accommodates not only the mixing parameters,
but also the quark masses. Due to the strong hierarchy among the quarks this is a non-
trivial task, although the number of parameters in the mass matrices M, and My exceeds
the number of observables. In the simplest case we assume that all Higgs fields are SU(2),
doublets as the Higgs field in the SM.

4.1 D7 assignments for quarks

Here we present ways to produce the two matrix structures My and Mz shown in eq. (R.9)
and eq. (R.4) with the help of the dihedral group D7. Choosing D7 as flavor symmetry
leaves us the possibility of either determining |V,s| or |V,4| in terms of group theoretical

quantities as cos(3Z).

4.1.1 Matrix structure M,

For M,, we assign the quarks to

Q1~17, (gi) ~ 21, uf,di ~1g, ujs,ds3~1 (4.1)
under D7. We assume that the theory contains Higgs doublet fields transforming as 17 and
27, which we call Hy and Hj 3. As the relation between the mixing parameters of Voxwm
and the group theoretical indices only arises, if the flavor symmetry D7 is broken down to
a subgroup Zs =< B A™» > by fields which couple to up quarks, while it is broken down
to Zo =< BA™d > with my # m, by fields coupling to down quarks, we need an extra

)

symmetry to perform this separation. In the SM this can be achieved by a Zéaux symmetry:

di — —dj and H;l — —Hf, sz - _Hid (4.2)

aux)

while all other fields Q;, uf, H{ and Hy', are invariant under Z, . In principle also a

Higgs field transforming as 19 under D7 could couple directly to the quarks. However,



if this field acquires a non-vanishing VEV, its VEV breaks the residual Zy generated by
< BA™ >. The matrices are of the form:

0 wi (HY)* ys (HY)* 0 wi (H) y5 (HS)
My = | i (H{)* i (H{)* vy (HY)* | and Mg= | y§(HS) yg (HS) y§ (H3)
—yk (H3)* yi ()" ys (Hy)* —y§ (HY) yi (H{) y§ (HY)
where y;' 4 denote Yukawa couplings. The VEV structure is taken to be:
i 3mi

(H™Y >0, (HY = (H) = vy, (HY =v,e" 7 and (HY) =uv,e T

with vy > 0 and v, > 0. The VEVs are required to be real apart from the phase :|:37” which
is necessary for the correct breaking to the desired subgroup of D7. The parameters A, B, . ..
shown in eq. (R.J) and eq. (R.4) can be written in terms of Yukawa couplings and VEVs:

37 37mi 37w

Ay =y1(H{), By=y3(H{), Cyu=ysvee” 7, Dy=vyjue” 7, E,=ysve 7,

s

Ad = y[1i<H§l>7 By = yg<H§l>v Cqg= yg”d, Dy = yff”cb Eq= yg’l)d

together with ¢, = 67” (my =3), ¢4 =0 (mg =0) and j = 1. The preserved Z3 subgroups
are generated by BA3 and B. As we have not fixed the ordering of the mass eigenvalues,
the question which of the elements of Vi is determined by group theoretical quantities

to be COS(377T) cannot be answered at this point.

4.1.2 Matrix structure Mj

For the case of M5 we can assign the quarks to:

Q1,uf,dy ~ 17, (2222)7(32)7( §>~21 (4.3)

under D7. We then need five Higgs fields for each sector, i.e. for the up and the down
quarks. These transform as

. Hu hu
HY ~(11,+1), (H;) ~(21,+1), < é) ~ (29,+1)
H hd
HY~(11,-1), (H;l) ~(21,-1), <h§) ~ (29,-1)

)

o . auxr .
where we again assumed the existence of an extra Z2( symmetry. The mass matrices

are in terms of Yukawa couplings and VEVs:

yi ¥ ¢
M, = | g4 (HE)* y2 (RY)* vy (HY)* | and Mg = | y3(
vy (H)* yi (Hg)* ys (h g

(HE) >0, (H) = (H§) = vq . (h{) = (hg) = wy,
(H) = voe () =o' ) = wee P and () = w,eF



with vg, > 0 and wg, > 0. As above we only consider real values for the VEVs apart
from the phases which are required in order to break down to a certain subgroup of D7.
Compared to the form of Ms (see eq. (B.d) and eq. (B.4)) we see that the parameters
A, B, ... are given by:

3w 3w 6me

Au = y1u<H;L>7 Bu = ygvue_Ta Cu = ?JQH’Uue_77 Du = ygwue_T7 Eu = yZ<H;L>7
Ag=y{(HY), By=yjvg, Ca = y§va, Dy = yfwg, Ey = y§(HY)

together with ¢, = 67” (my, = 3), ¢pq =0 (mg =0) and j = k = 1. Therefore the preserved
subgroups are again Zo =< BA3 > and Zy =< B >.

Note that the shown assignments are not unique, since it is also possible to use another
two-dimensional representation instead of 27 for the fermions. Obviously, then also the
transformation properties of the Higgs fields have to be changed accordingly. From the
viewpoint of unification the second assignment in which the left-handed as well as the
left-handed conjugate fields transform as 1 4 2 is more desirable. However in this case
we need at least five Higgs fields in each sector transforming as 17, 2;, gj with i # j in
order to arrive at the matrix structure Ms. Since we want to show the minimal model,
we constrain ourselves to the case of My in the following numerical study and the analysis
of the corresponding Higgs potential. We only give a numerical solution for the second
matrix structure Ms.

4.2 Numerical analysis of quark masses and mixing angles
4.2.1 Matrix structure M,

For our numerical results we take all VEVs to have the same absolute value of 61.5 GeV
which equals the electroweak scale 174 GeV divided by v/8, because our complete model
includes eight Higgs fields.* The Yukawa couplings are taken to be

yU=1.07967 ¢/(~217704) y4=2.55955-¢'(1-41609) yU=1.95461075 . ¢i(2:43366)
y4=3.89557-1072 /(7228452) | yu_7 47029.1072 . ¢!(1- 2469

y{=2.52251.1072.e'G00267) 443 99611.1072.¢(7229202) 1 d—.20874.107*.!(70-54010)
y§=8.95471-1075 ./ 213972) | yd1 04917107 ¢i(~1-59912)

All quark masses are fitted to the central values at My found in [@] For Voka, we find:

0.97492 0.2225 3.95 x 1073
Verum| = 0.2224 0.97404  42.23 x 1073
8.11 x 1073 41.64 x 1073 0.9991

and Jop = 3.09 x 107°. All these values are within a 10 % error range [fJ] with |V,s| fixed

to be cos(?’T’r) = 0.2225. Due to the ordering of the eigenvalues the mass of the strange

4The additional two Higgs fields which do not couple to the fermions directly, are necessary in order to
break accidental symmetries present in the Higgs potential which we discuss in section E The equality of
the VEVs is motivated by our numerical study of the Higgs potential.
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as well as the one of the up quark is determined by v/2|Cy| and v/2|C,|, respectively.
They therefore correspond to the eigenvalue (¢ — d) in the language of section P. The
Yukawa couplings lie in the range 107°...1 due to the strong hierarchy of the quark
masses. However this can be explained by the Froggatt-Nielsen (FN) mechanism [L].
For example, assuming the FN field ¢ with ¢pn(¢) = —1 and taking ¢pn(Q1) = +1,
grn(Q2,3) = +2, qFN(diz’?)) =0, grn(u§) = +1 and qFN(uig) = —1 under U(1)pn allows
all Yukawa couplings to be of natural order.

4.2.2 Matrix structure Mj

For the second matrix structure Ms, we also performed a numerical study with the mass
matrix structure given above and found the following possible values for the parameters
Aud, Bud, .-

A, = 40.40221-¢ (0185452) B ' (0.238084-¢! (-299845) (O = 117.4875-¢" (70-234118)
D, = 0.420584-¢' (7313951 B — 0.984542.¢" (T0-849532)
Ag = 2.233447.¢! (C191017) B 0. 051223.¢! (73-05165) 0, = 1.971448. ¢! (70-751605)
Dy = 0.058343.¢' (“24M4) B — 0,056221 ¢! (7237708)

All values are given in GeV. The phases ¢, 4 can be chosen to be ¢, = 67” and ¢g = 0.
Again, the quark masses match the central values given in [L(], while the absolute values
of Vokwm are:

0.97489 0.2226 3.95 x 1073
Vexum| = 0.2225 0.97401  42.23 x 103
8.11 x 1073 41.64 x 1073 0.9991

together with Jop = 3.09 x 107°. They agree quite well with the experimental results.
Note here that this time not |V,s|, but now |V4| is given in terms of the group theoretical
indices, i.e. |V.q| = cos(22) = 0.2225. This is due to the fact that the eigenvalue (c — d)
introduced in section [ is given by m,. in the up quark and by mg in the down quark sector.
These masses can be expressed in a simple way in terms of the parameters D, 4 and F,, 4,
namely m. = |Dy — B, e""%X| and mgq = |Dg — Eqe!?¥| with ¢, = 67”, ¢g=0and k = 1.
Also here the hierarchy among the parameters A, 4, By, 4, ... may not be explained by the

(aux)

flavor symmetry D7 X Zs alone. However, we can again assume the existence of an

additional U(1)pn symmetry.

5. Higgs sector

In this section, the Higgs sector belonging to the first numerical example given in sec-
tion is discussed. As already mentioned above, we concentrate on a multi-Higgs
doublet potential. We are aware of the fact that such multi-Higgs doublet models usu-
ally suffer from the problem that large FCNCs are induced by the additional Higgs fields.
However, as a proof of principle that we can produce our required VEV configuration the
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consideration of such a setup seems to be reasonable. The minimal number of fields needed
in order to produce the fermion mass matrices is 2 x 3, Hg, Hﬁz and H, Hyi's.
We first construct the three Higgs doublet potential with Higgs fields H, ~ 17 and

H,y
~ 21.

The potential has the form:®

2 ) 2 2
V(Hy, Hy) = —p2 HY H, — phy > B Hi+ A (HUH) + 0 (Y 0 H, (5.1)
i=1 =1

2
A (Hj Hy — HJj HQ) + g |H] HaP?

T - T > T T - Tr7.12
oy (HH> <Z; HH, +{02 (HHl) (HH2> —i—h.c.} +og ; \HH,|

i=

As already shown in [[[J] and also mentioned in [[J), this potential has an additional U(1)
symmetry, i.e. there exists a further U(1) in the potential apart from the U(1)y. This
further symmetry is necessarily broken by our desired VEV structure such that a massless
Goldstone boson appears in the Higgs spectrum which is not eaten by a gauge boson.
This problem cannot be solved by taking into account the whole potential for all six Higgs
fields. Therefore we have to enlarge the Higgs sector by further fields in order to create
new Dz-invariant couplings which break this accidental symmetry explicitly. We find that
this can be done in the simplest way by adding two Higgs fields transforming as 2o under
D+. Due to their transformation properties they do not directly couple to the fermions (see
section [L.1.1). The complete model then contains eight Higgs doublet fields

HU

H ~(11,+1), ( i) ~(21,+1), (5.2)
H;
HY x¢

H~ (14,-1), 1) ~(27,—1) and L]~ (25,—1

(11,-1) <H§l) (21,-1) (x%) (22,-1)
under D7 X Zéaux). The potential consists of three parts:

V=V,+ Vd + Vmixed (53)

where V,, denotes the part of the potential which only contains Higgs fields coupling to the
)

Vinixed consists of all other terms. The explicit form of the potential is given in appendix [d.
The VEV structure of the fields H gl “and H f; is determined by our desire to break down
to two distinct Zo subgroups in the up and the down quark sector (see section f.1.1)):

up quarks, Vy contains the five Higgs fields which have a non-vanishing Zz(aux charge, while

3mi 3w

(HE >0, (Hf) = (Bf) = va, (HY) = v, T and (HY) = v,e'F

5Note that o is complex, but it can be made real by appropriate redefinition of the field H,, for example.
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with vg > 0 and v, > 0. In contrast to this, the VEV structure of the fields X‘ﬁz is not
fixed in this way. However, in order to preserve the Z5 subgroup generated by B not only
through the VEVs of the fields HY¢ and Hfg, but also by the VEVs of the fields X[1i,27
(x#) = (x4) > 0 will be assumed (see section [).

We proceed in the following way in order to find a minimum of this potential which allows
for our choice of VEVs: first we treat V,, and V; separately to find a viable solution for
these two parts of the potential. Thereby, we can allow all parameters in the potential Vy
to be real, as the VEVs of the corresponding Higgs fields are also real. Since V,, suffers
from the above mentioned accidental U(1) symmetry, we find a fourth massless particle
in the Higgs mass spectrum. In a second step we add as many terms as necessary from
Vinixed t0 get a minimum of the whole potential V' which does not have more than the usual
three Goldstone bosons. It turns out that it is sufficient to take into account three terms
in addition to V,, and Vy to get a viable solution. The terms are of the form:

2 2 2
Ko (H;T Hg)2 + ks (Z et Hﬁ) + k1o (H;” Hf) (Z qet Hf) +hee C Vinieed
i=1 =1

All VEVs are taken to have the same absolute value, since this considerably simplifies the
search for a numerical solution, as a fine-tuning of the parameters in the Higgs potential is
avoided. We find that the resulting Higgs masses are usually in between 50 and 500 GeV.
These values are either not favored by the constraints coming from FCNCs or already
excluded by direct searches. There are two reasons for the too low Higgs masses: on the
one hand V,, contains an accidental symmetry and on the other hand all mass parameters
of the potential are chosen to be of natural order, i.e. to be around the electroweak scale.
Additionally, all quartic couplings of the potential must be perturbative. However, as
already mentioned above, this model is not intended to be fully realistic. Adding D7
breaking soft masses to the potential might allow to push the masses of the additional
Higgs particles above 10 TeV.

The rest of the discussion of the potential is relegated to appendix [ where we present a
numerical solution for the parameters of the Higgs potential and the resulting Higgs masses.

6. Ways to generate ¢ only

In the preceding sections we confined ourselves to cases in which all mixing angles can be
reproduced at tree level. Therefore we only discussed the matrix structures M4 and Ms of
eq. () and eq. (B4). However, 07, and 04, are roughly an order of magnitude smaller
than the Cabibbo angle 6 = 6%, which gives reason for also considering matrix structures
which lead to only 6o # 0 at LO. For this a block matrix structure (with correlated
elements), which we introduced in eq. (R.3), is suitable. Such a structure can be achieved
in at least two different ways: a.) we can simply omit some of the Higgs fields which are in
principle allowed a VEV in order to arrive at the zero elements of the mass matrix; b.) we
can demand that the preserved subgroup is not just a Zs symmetry, but a dihedral group
D, with ¢ > 1. For case a.) the simplest example is probably the one in which we take the
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same field assignments as in the case of the matrix structure M; (see eq. ([.3))), but we
omit the Higgs fields H f ’2d transforming as 27. The second case b.) cannot be maintained
with the flavor group D7 which we used throughout this work, since it only contains Z,
groups as subgroups, but no dihedral ones D,, ¢ > 1. Therefore we have to consider the
group D14 instead. One possibility is to break D14 down to its subgroup Dy =< A7, BA™ >
(m=0,1,...,6) in order to reproduce a matrix of block structure. We assign the quarks to

c - ,LLC C
i () (1) ()=
3 3

under Dyy. According to the Kronecker products
11 X271 =27 and 29 x27 =17 +13+29

the Higgs fields which can in principle couple to form Di4-invariants have to transform as
17, 19, 27 and 29. However, 19 is not allowed a VEV and the representation index j of
gj has to be even for preserving a Do subgroup. Therefore we take

u d
«W~h=<%>~baﬂ~h_mi<%>~h

(with implicit Zéam) assignment as above) and arrive at matrices which are exactly of the
same form as in case a.), if we assume the VEVs to be

6w 6w

(HS) >0, (HY) =w,e” 7, (Hy) =wye 7, (Hf) = (Hg) = wy

The subgroups Dy which are preserved by the VEVs are then of the announced form with
my, = 6 for the up quarks and my = 0 for down quarks.

7. Numerical analysis of Vyins

A similar analysis as done in the case of Vokum can also be carried out for the lepton mixing
matrix Vyins. We assume that the neutrinos are Dirac particles as all the other fermions
and that they have the same ordering as the other fermions, i.e. the neutrino mass spectrum
is normally ordered. This allows us to use the matrix structures found in appendix [A] also
for Virns. Since the entries of Virng are not strongly restricted by experiments [[4] (at 3 o):

0.79 — 0.88 0.47 — 0.61 < 0.20
= | 0.19-0.52 0.42 —0.73 0.58 — 0.82 (7.1)
0.20 — 0.53 0.44 — 0.74 0.56 — 0.81

range
e

there are several more possibilities to accommodate the various matrix elements regarding
the choice of the group index n, and the values m;, m, and j. However, as we intend to build
a model which includes quarks as well as leptons, we stick to the selected values of n, n =7,
n = 14, which fit the CKM matrix elements of the 1 — 2 sub-block best for small n. We
check element by element of Vyins whether we can put it into the form | cos(5)| where | =
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Element (ij) Possible cosines
(21) cos(2X) (& 0.2225), cos(3F) (= 0.4339)
(22) cos(52) (= 0.4339), cos(22) (~ 0.6235)
(23) cos(28) (= 0.6235), cos(37) (=~ 0.7818)
(31) cos(22) (~ 0.2225), cos(3F) (=~ 0.4339)
(32) cos( T) (=~ 0. 6235)
(33) cos(22) (» 0.6235), cos(37) (~ 0.7818)

Table 2: Possibilities for the group theoretically determined element in Vjns.

0,1,2,...,6 or |cos( )| with 1 =0,1,2,...,13. According to eq. (7.1]) all elements of the
second and third row can be approx1mated by a cosine of such a form. We take into account
all possibilities shown in table f and perform a numerical fit of the mixing angles 612, 613 and
f23. In the fit procedure we compute the sines of the three mixing angles and compare these
to the best fit values, which are sin2(012)§) = 0.5, sinz(eg) = 0.3 and sinz(eg) =0 9.5
Again, we replace the experimentally allowed 2o or 3 o ranges by 10% ranges (around the
best fit value). For sin?(f;3) we consider two possible upper bounds: sin?(f;3) < 0.025
which corresponds to the 2¢ bound [ and a much more loose bound sin?(6;3) < 0.1
being even larger than the 40 bound [[§]. This is done, since the numerical study showed
that loosening the bound on sin?(f3) leads to several more solutions. Our results for
sin?(A13) < 0.1 are summarized in table [} where we display the numerical values for 6;, 6,
and a = (3; — 3, together with the resulting mixing angles and the (Dirac) CP phase 0.

One can observe the following: There are some cosines listed in table J| for which no fit
with x2 < 1 has been found. In all these cases the value of the fixed Viing element lies
almost outside the ranges shown in eq. ([.1)), e.g. for the (23) element the possible cosines
are cos( 1) ~ 0.6235 and cos(?ﬁ) ~ 0.7818 with the first being quite close to the lower

bound (0.58) and the second one close to the upper one (0.82) of the allowed range. More
172333

i | reveals that at least in these cases it is hardly possible to

precisely, the form of |
reconcile the two experimental constraints tan(f23) being close to 1 and sin(f;3) being
small. Furthermore, one observes that in all cases the CP phase ¢ is trivial, i.e. 0 or m with
a numerical precision of O(107%). Therefore Jop always vanishes. In order to understand
this result, we have a look at the formulae given for V2L V22 V3! and V32 in appendix [A]

mix’ " mix’ ~ mixX mix
As a common feature the (13) element of the mixing matrix is given by

% [—(1 + e (@1=®)J) sin(;) cos(6,) + 2’ * cos(6;) sin(b,)] (7.2)

In all cases, 6; and 6,, are predominantly determined by one element of the first row and the
third column of Vyng, respectively. Then « can be used in order to minimize the absolute

SNote that these best fit values are not presented in the same global analysis as the above mentioned
allowed 3o ranges for the elements of Vains. Nevertheless the deviations are very small such that we do
not consider this to lead to a major difference in our numerical analysis.
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Element | Cosine 0 0 « sin?(6 sin?(6 sin?(6 )
I v 12 23 13
21) | cos(3x) | 0.9790 | 0.7881 | 4.937 | 0.2957 | 05085 | 7.037 x 102 | ~
cos(‘r)l—z) 1.1829 | 0.6725 | 5.161 0.3001 0.4999 | 6.173 x 1073 | ~0
(22) cos(3F) — — — — — — —
COS(QT”) 0.7728 | 0.4486 | 5.386 0.2999 0.4996 6.668 x 1072 | ~7
(23) cos(2X) - - - - - - -
(3T
cos( 47 ) - - — - - - —
(31) cos(37”) 0.9790 | 0.7881 | 4.937 0.2957 0.4915 | 7.037 x 1072 | ~0
005(51—2) 1.1829 | 0.6725 | 5.161 0.3001 0.5001 6.173 x 1072 | ~7
(32) | cos(22) | 0.7728 | 0.4486 | 5386 | 0.2999 | 0.5004 | 6.668 x 1073 | ~0
(33) cos(2F) - - — — - _ _
cos(37) - - - _ _ _ _

Table 3: Numerical results for Vying in case of sin2(913) < 0.1 and 10% errors for the other two
sine squares. § is given with a precision of O(1079).

value of the (13) element of Viing. A minimization with respect to o shows

] m : .
a=—(@-d)5+Ty=—"(m—m)j+ry with yeZ (7.3)

The minimum value for |[sin(613)] is then [cos((¢r — ¢u)3) sin(f;) cos(6,) +
(=1)¥*1cos(f;) sin(6,)|. However, in all cases the expression is only minimized for
y =0,2,..., as the involved sines and cosines are all positive. As Jcp is proportional to
sin((¢y — ¢v) % + «), it is zero for the calculated value of o. Therefore § must be either
0 or 7. Additionally, we found an explanation for the values of a shown in table ] given
in terms of the group theoretical quantities, i.e. 27 — 37” ~ 4.937, 21 — Ei—z ~ 5.161 and
2m — 27” ~ 5.386. As a last observation we report that there exist similarities among
the different cases, e.g. fixing the (21) element to be cos(2Z) is similar to fixing the (31)
element to the same value. The cases coincide concerning the fit values of 6;, 8, and «
and the resulting mixing angles sin?(f;2) and sin?(03) (up to O(1079)), whereas sin?(f3)
and ¢ are shifted. This can be understood, since the mixing matrices are related through

the interchange of the second and third row.

Using the 20 bound sin?(13) < 0.025 no solution with x? < 1 is found in the cases in
which the (21) or the (31) element is fixed to the value cos(377r), since the values for sin?(:3)
shown in table [j are quite large. For the other configurations we again find viable fits in
which the values 6;, 6, and « are very similar to the ones given in table [JJ.

Apart from studying how well one can accommodate the experimentally allowed ranges,
it is also interesting to see whether one can reproduce some special mixing pattern in
the lepton sector. In the following we discuss the TBM scenario which has initially been

discussed in [[Iff], since all elements of the lepton mixing matrix can be written in terms of

— 16 —



Element (ij) | Possible cosines
(11) cos(37) (=~ 0.7818)
(12) 008(27”) (= 0.6235)
(21) cos(27) (~ 0.4339)
(22) cos(28) (~ 0.6235)
(31) cos(27) (~ 0.4339)
(32) cos(22) (~ 0.6235)

Table 4: Possibilities for the group theoretically determined element in Vyins, if TBM is assumed
to be the best fit.

. 1 1 1.
fractions of square roots NIV and 7
2 1
TBM _ 761 ? 01
V6 VB V2

corresponding to sines of the mixing angles:

(QTBM) (HTBM)

1 1
sin —, sin — and sin?(0EPM) =0.
2 3
The uncertainty in the mixing matrix elements is taken to be 10 %, i.e. the fixed element
given by cosine |cos(4Z)| for 1 =0,1,2,...,6 or |cos(5F)| with I =0,1,2,...,13 should lie

in one of the ranges:

0.73 — 0.90 0.52 — 0.64 < 0.20
yreM (range) _ | g a7 045 0.52 — 0.64 0.64 — 0.78 (7.5)
0.37 — 0.45 0.52 — 0.64 0.64 — 0.78

The bound on the (13) element is taken to be the same as in eq. (7.1). As shown in table
the elements (11) and (12) can now be described by a cosine of the announced form, while
we find less possibilities for the other elements compared to the case of the experimentally
allowed range, see table f]. The numerical analysis is analogous to the one above. The
results are very similar apart from the case in which the (11) element is determined by
group theory. Therefore, we focus on the discussion of this case. First of all, we find that
0; can take values in a certain range instead of being fixed to a single value. All of them
lead to the same mixing angles. The same is true for o which varies between 0 and 2.
This is related to the fact that we do not fit the CP phase ¢ (or equivalently the Jarlskog
invariant Jop). As a result Jop can take any value in the range (—5.776...5.776) x 1072,
We observe that 6, is fixed by the fit of sin?(612) and sin?(f;3). Fitting them at the same
time leads, unfortunately, to a too large value for sin?(613) (see table E) The allowed
%, since
in this case the (23) and (33) element of Vyrng have to be equal. Equating the expressions

range for §; can then be found analytically under the assumption that sin?(fa3) =
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Element| Cosine 0, 0, o sin?(612)[sin?(f23)| sin?(013) )
(11) | cos(32)|0.4396 — 1.131] 1.139 |e [0,27)| 0.3441 | 0.5000 [6.808 x 10~2€ [~ 0, ~ 27)
(12) | cos(3E) - - - - - - -
(21) | cos(3%) 1.132 0.6697| 5.161 | 0.3334 | 0.5000 [1.968 x 1073 ~0
(22) [cos(25)]  0.8235  [0.4557] 5386 | 0.3331 | 0.4991 [1.245 x 107  ~n
(31) |cos(®m)| 1132 [0.6697] 5.161 | 0.3334 | 0.5000 [1.968 x 1073 ~n
(32) COS(ZTW) 0.8235 0.4557| 5.386 | 0.3331 | 0.5009 [1.245 x 102 ~0

Table 5: Numerical results in the case of TBM. We assume that the bound on sin®(6;3) is 0.1 and
10% errors for the other two sine squares. The values of § have a numerical precision of O(1076).
Note that in case of the (11) element being cos(%) 4 can take arbitrary values (for details see text).

[(V.1 93] and [(V.L )33]? found in appendix [4] leads to

mix

sin?(6,) — cos? ((qﬁl — ) %) cos?(6,,)
cos ((¢1 — o) % + oz) Cos <(¢l — ) %) sin(26,,)

tan(26;) = (7.6)

with 6, determined by sin?(#213). Allowing a € [0,2 ) one finds the maximal range of 6,
tobe z < 0 < § — z with 2 = 04396 for 6, ~ 1.139 and (¢ — (;5,,)% = 31—2 which
corresponds to the numerical values given in table . Furthermore, eq. ([.§) shows that 6,
is a function of a.

Demanding sin?(f;3) < 0.025 removes the possibility that the (11) element of Viing is
determined by group theory, while it leads to expected slight changes in the results of the

fits for the rest of the cases.

8. Summary and conclusions

It has been pointed out in [f], P that it is possible to predict |Vi,s| as cos(22) a 0.2225 with
the help of a dihedral symmetry, broken in a non-trivial way. Here we first studied which of
the other elements of Voxnm can also be described in this way for certain values of the group
index n of the dihedral symmetry. For the smallest two appropriate values of n, n = 7 and
n = 14, this is possible for all elements of the 1 — 2 sub-block of Vekn. Thereby, the other
elements can be fitted by choosing the free angles 6, and 6; and the phase o properly. We
presented a low energy model for the quark sector with the flavor symmetry D7. It is broken
only spontaneously at the electroweak scale by Higgs fields transforming as doublets under
SU(2)r. With a numerical fit we showed that all quark masses and mixing parameters
can be accommodated well at the same time. As the VEV configuration determines the
subgroup to which the flavor symmetry is broken, it is necessary to investigate whether
this can be achieved by the Higgs potential. A detailed study revealed that this is possible.
However, there are two obstacles: the Higgs masses turn out to be too small (some of them
are even below the LEP bound [[[]), if we do not assume additional ingredients such as
soft breaking terms in the potential, and secondly, we are only able to accommodate the
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VEV configuration as one possible solution of the Higgs potential, but not as a favored
one. Moreover, it is well-known that in multi-Higgs doublet models there is in general no
mechanism to stabilize a certain VEV configuration. Therefore this model is meant as a
proof of principle rather than a realistic model. A way to circumvent these problems is
to disentangle the scales of the electroweak and the flavor symmetry breaking by using
flavored gauge singlets instead of Higgs doublets and thereby break the dihedral symmetry
at higher energies [f]. Accounting for the fact that the Cabibbo angle ¢ is roughly an order
of magnitude larger than the two other mixing angles 67, and 63, one can look for models
in which 6¢ is given in terms of group theoretical quantities and 67, and 62, vanish at LO.
For this purpose, we can either simply reduce the number of Higgs fields in the model by
omitting some fields which are allowed to have a non-trivial VEV in principle or we can
break the dihedral symmetry down to one of its dihedral subgroups, D,, ¢ > 1, instead of
Z5. However, for the second possibility we have to use Dy, instead of D7. The preserved
subgroups are then of the form Dy =< A7, BA™ >. Also here two different Dy groups
are preserved in the up quark and down quark sector in order to generate a non-vanishing
Cabibbo angle. One possible choice is m, = 6 and mg = 0. Finally, we also studied the
lepton mixing matrix Vyng numerically under the assumption that neutrinos are Dirac
particles and normally ordered. Since the elements of Vying are much less constrained than
the ones of Voxy much more combinations of the group theoretical quantities n, j, m; and
m,, can be used in order to describe an element of Vns. However, since we expect that
the leptons transform under the same flavor symmetry as the quarks, we only considered
the cases n = 7 and n = 14. A numerical analysis shows that the experimental fit values
of the mixing angles can be accommodated well in most of the cases. A common feature of
all fits is the fact that Jcp vanishes. We also studied how well one could mimic the TBM
scenario. This is possible in various cases. The case, in which the (11) element of |Vyng]| is
determined by group theory, is thereby the most interesting one, since only this case allows
for non-trivial CP violation. However, the value of sin?(f;3) turns out to be very large.
We focussed on the case of Dirac neutrinos, since then all formulae found in case of the
quarks are applicable also to the lepton sector. But, neutrinos can be Majorana particles
as well. If we assume that they acquire masses from Higgs triplets only, the analysis done
in section [f is not changed. Things can change, if we consider the type 1 seesaw instead,
since we then deal with the Dirac neutrino and the right-handed Majorana mass matrices,
which can preserve different subgroups of the flavor symmetry.” Beyond that, we could
encounter new results with the neutrino mass hierarchy being inverted (ms < m; < ma).
Our study is by no means a complete study of all possible mixing structures which can in
principle arise from a dihedral flavor symmetry with residual subgroups. For example, in
all cases we presented here the subgroups, preserved in the up and down quark sector, have
the same group structure (either Zy or Dj). In general, however, these group structures
could be different, as employed in [B, |-[, [§, [9].

Finally, let us remark that a common feature of the model(s) shown here is the need for
an additional Z,(**) symmetry which can separate the different sectors according to the

"This is, for example, the case in the models [E, @} by Grimus and Lavoura.
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different conserved subgroups of the flavor symmetry. Due to such an additional symmetry
an embedding of these models into an SO(10) GUT is in general not straightforward.
However, assigning the quarks to

Q2 us ds

Qlﬂﬁ ~ (llv"’_l) ) ’ ~ (217+1) ) di: ~ (117 _1) ’ 2]~ (217 _1)(8’1)
Qs ug ds

under D7 X Zéaux) as done in section still allows an embedding into SU(5) multiplets.
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A. Possible forms of Vi«

According to the three possible identifications of the eigenvalue ¢ — d there exist three
possible diagonalization matrices in each sector (up and down sector, charged lepton and
neutrino sector) U, U’ and U’’ which are shown in section B.1. Out of these one can form
nine possible mixing matrices V% = W{ Wy with a,b = 1,2,3 and W; € {U,U’,U"'}
where W; depends on the group theoretical phase ¢; (the index m;) and contains the
parameters #; and 3;. As shown above, Vrgﬁ’x all have the property that the element (ab)
is completely determined by group theory. In the following we abbreviate 5y — B2 with «,
sin(#;) with s; and cos(6;) with ¢;.

. 1 + 6?z‘(<z>1fd>.2)j' .(eidnj - ei¢2j)52 . _.(eitblj - ei¢2j)c2 |
Viix = 3 —(97_“@ - efwéj)sl 1+ 971(_¢17¢2)J)8182 +2e e —(1+ ef_l(d’l’@?J)swz +2e"c1 52
(701l —e7i020)e; (14 e P12 55 4 265100 (14 e (P17 %2y + 2675152
(ei¢1j _ ei¢>2j)82 14 et (P1—2)j _(ei¢>1j _ ei¢2j)62
anfx:% 1+ efi(d’l*d’?)j)slsz + 2e"%cien —(efid’1j — efid’?j)sl —(1+ efi(d’l*"’?)j)slcg + 2e% ¢y 89
—(1+ efi(d’l*"’?)j)clsz + 2es1c9 (EFM’lj — efid’zj)cl 1+ efi(‘j’l*d’?)j)clcz + 2e“ 5189
(ez‘¢1j _ emzj)82 _(ei¢1j _ ei¢2j)02 1+ ci(d1—d2)j

anl?xz 3 (1 4 e*l(¢1*¢>2)J)5152 4 2o _(1 + e*l(¢1*¢2)J)5162 4 2ei¢; 59 _(e*wl] _ e*l¢>2j)sl
_(1 + e*i(¢1*¢>2)j)6182 4 2em8162 (1 4 e*i(<151*<152)j)clc2 4 2eia8182 (e*imj _ e*i¢>2j)cl
_(e*imj _ e*i¢2j)81 (1 + e*i(¢>1*¢2)j)8182 4 2et%cico _(1 + e*i(¢>1*¢>2)j)8162 4 2ei%¢; 59
Vanilx: = 1+ ot(31—92)j (ei¢1j _ ei¢2j)82 _(eitPlj _ ei¢2J)C2

(e*WlJ _ e*“ﬁzJ)cl _(1 + e*¢(¢1*¢2)J)0182 + 2e"s1¢o (1 + e*¢(¢1*¢2)J)Clc2 + 2" 89
) (1 + e*i(¢1*¢>2)j)8182 + Qemclcz _(e*imj _ e*i¢>2j)81 _(1 + e*i(¢>1*¢>2)j)8102 + Qei&0182
V2 = 5 (ei®1] — gid2i)g, 1+ ei(®1-92)i —(eif1] _ gi®2i)c,
_(1 + e*i(¢1*¢>2)j)6182 + 2em8162 (e*imj _ e*i¢2j)cl (1 + e*"i(¢>1*¢>2)j)clc2 4 2ei%sy 59
) 1+ e*i(¢1*¢2)j)5152 4 2o -1+ e*i(¢1*¢2)j)5162 4 2ei¢; 59 _(e*itﬁlj _ e*itsz)sl

Van:i))x: - (ei¢1j _ ei¢2j)82 _(ei¢1j _ ei¢2j)02 1+ et (d1—02)j
_(1 + e*i(¢1*¢2)j)cls2 + 2€ia8102 (1 + e*i(¢1*¢2)j)0102 + 2€ia8182 (e*i¢1j _ e*itsz)cl
_(e*i¢1j _ e*i¢2j)51 (1 + e*i(¢>1*¢2)j)8182 +2e*%cre _(1 + e*i(¢>1*¢>2)j)8102 + 2e"¢y 89
(e*imj _ e*i¢2j)cl _(1 + e*i(¢>1*¢2)j)6182 + 2ei&8162 (1 + e*"i(¢>1*¢>2)j)clc2 + 2ei&8182
14+ eH(d1—¢2)j (ei¢1j _ ei¢2j)82 _(eitPlj _ ei¢2j)62
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(1 +e*i(¢1*¢>2)j)8182 —|—26m6162 _(e*imj _ e*i¢>2j)81 _(1 +e*i(¢>1*¢>2)j)8162 —|—26m6182

VriiQx: 5 _(1 + e*l(¢1*¢2)J)cls2 + 2% ¢ (e*WlJ _ e*“ﬁzJ)cl (1 + e*®(¢1*¢2)J)Clc2 + 2" 89
(ei¢1j _ ei¢2j)82 14+ ei(¢1—92)j _(eitPlj _ ei¢2J)C2
) (1+ e*i(¢1*¢2)j)8182 + 2 %¢ico —(1+ e*i(¢1*¢2)j)slc2 + 2"y 59 _(e*itﬁlj _ e*itsz)sl
V33 = 5 —(14 e ®1792)i)e 55 + 20510y (1 + e (017920 ci0h 4 20515y (e 91 — g2

(ei¢1j _ ei¢>2j)82 _(ei¢1j _ ei¢>2j)62 14 ei(¢>1*¢2)j

The measure of CP violation J& is given for the matrices V22 as

J&b = Jep(j, b1, ¢2; 61,02, 0) T2 = —Jep(, 61, d2: 01, 0, )
J&b = Jop (i, d1, ¢2; 01,02, @) (A1)
J&p = —Jcp(j, d1, ¢2; 01,02, ) | JE& = Jep (i, b1, d2; 01,02, )

JE = —Jop (i, b1, d2; 01, 02, ) (A.2)
J&p = Jop (i, ¢1, ¢2; 01,00, ) JEb = —Jcp(j, b1, ¢2; 01,02, )

T = Jop (i, 61, 62; 01,62, ) (A.3)

with  Jep(j,é1, ¢2; 01,02, ) = —% sin((¢1 — ¢2)j) sin (% (1 — ¢2)j>

X 8in(26;) sin(262) sin <% (01 —2)j+ a> (A4)

B. Group theory of Dy,

The group D7 has two one- and three two-dimensional irreducible representations which
we denote as 11, 19, 21, 29 and 2g. 17 is the trivial representation of the group. All
two-dimensional representations are faithful. The order of the group is 14. The generator
relations for the two generators A and B are:

A"=1, B’=1, ABA=B.

A and B can be chosen to be

6
A= 0. , B= 1) for 23
0 e 7 10

For the one-dimensional representations 17 and 19 A and B can be found in the character
table table f]. The Kronecker products are:

1y xp=p, 1y x1p =1y, 1o X2 =2
21 x27] =171+ 29, {21 x21} =19
29 x 29] =17 + 23, {29 x 29} =19
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classes

C1 Co Cs Cy Cs
G 1 A A? A3 B
°C; 1 2 2 2 7
°he, | 1 7 7 7 2

1, |1 1 1 1
15 | 1 1 1 1 1
27 | 2 2cos(p) 2cos(2¢) 2cos(3¢) O
29 | 2 2cos(2¢) 2cos(dyp) 2cos(6y) O
23 | 2 2cos(3¢) 2cos(6p) 2cos(9¢) O

Table 6: Character table of the group D7. ¢ is 27” C; are the classes of the group, °C; is the

order of the i class, i.e. the number of distinct elements contained in this class, °he, is the order
of the elements S in the class C;, i.e. the smallest integer (> 0) for which the equation S “hei =1
holds. Furthermore the table contains one representative for each class C; given as product of the
generators A and B of the group.

[23 x 23] =17 + 27, {23 x 23} =19
21 X 29 =21 + 23, 21 X 23 =29+ 23, 29 X 23 =21 +29,

where p is any representation of the group and [v X v]| denotes the symmetric part of the
product v x v, while {v x v} is the anti-symmetric one.
The Clebsch Gordan coefficients are trivial for 17 X g and 19 X 19. For 19 x 2; a non-trivial

Ba1
~Y 2-
(—BCL2> =1

) ~ 2;. 17 and 1g of 2; x 2; are of the form

sign appears

for B ~ 19 and (al
as

/ / / /
aray+agay ~11, aray —azsa; ~ 1y

/

a a . . . . .

for ( 1) , ( }) ~ 2;. The two-dimensional representations also contained in these
a9 a2

products read:

/ / /
for i=1: (ala}>~22, for i=2: <a2a3>~23, for i=3: <a2a3>~21.
a2a2 alal alal

For the rest of the products 2; x gj we get:
aq bl a9 bl aq bl
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a by az by az by
a by az by az by

All these formulae are just special cases of the more general formulae given in [[3, [[] which
hold for dihedral groups D,, with an arbitrary index n.

C. Higgs potential

The potential V,, of Hy and H{', is of the same form as V3 in eq. (B-1)) with all parameters
carrying an additional upper index u. As already stated, the potential contains an
accidental U(1) symmetry. The most general potential involving only the scalar fields H¢,
HfQ and X‘ﬁz is

2
Vo= —(udy?HIH -~ ( (ZH‘”Hd> (ih)? (Zﬁkf) (C.1)
i=1

2 2
+A§<H§THS>2+A?<ZH?*H5> +X?<foxf> oo i g )
=1 i=1

2
t t t t t
RO =yt A R 4 SR 4 ot (11 ) (z e H)
=1

2

~ T T T T ~ T T

st 18 S oo st )t e
=1

2 2 2 2
1ot (z |H5*Hﬁ|2) 1o (z IHﬁTx?I2> o (z Hé”Hﬁ) (z Xf*xf)
1

i=1 i=1 i=1
t i i ;
+rd(HE - B D 0 G — ) + i EE D (HE ) + he}

2
T T T T T
41 <Z 1 x?l2> SN + e} + g (R + S PR)

HAELES D 0D + HID A ND) + he)

+{w1{<H§*Hf><Hg*xg> <H§*H2><Hf*xcf>} +hel)
Hod{(HI = G HY) + (H B (G HY)} + hee.)
HofH{ HID (ETHY) + (H X (HY HDY + e

This five Higgs potential is free from accidental symmetries. However, the combined
potential V,, + V has an accidental SU(2) x U(1) x U(1) symmetry It is broken explicitly
by mixing terms, which couple the Higgs fields H{, , and H? s12/ x¢ 2. Viixed contains all
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such terms, which are invariant under the symmetry D7 x Z;

aux)

Viiced = nl(HgTHg)(HsdTHg) + {ko(HYTH? + h.c.} + kg HUTHY? (C.2)
2 2 2 2
s (z H:*Hy) (z Hﬁ*Hﬁ) +a (z H?*HZ‘> (z x;“xf)
=1 =1 =1 =1
2 2
+{ks (Z HZ-“THf> +hoc.} + k| HUTHE + HYTHY|?
=1
+’€7(H1TH1 —Hj THz)(Hfl Hfl—H Hz) + Ry (H{ THl —Hj TH2)(X1 X1 Xg Xg)

+{ws(HTHY —
+/€9\H71“Hfl

HY HS)? + he} + {Fp_g (H Ty
— H3 HE)? + Riopo) (|HY XTI + [ HE™XG)

D(HSXG) +hee)

ol (HY H (HE HY) + hey + {ron (HY HO(HM HY) + hee.)

+{Fu (HY

") (H3 xd

Hhee} + mio(| Hy T HY P+ H T HS )

2

o (| HEEPHHS ) + m(H:*H:)(Z Hd*H) + gy (HUHY) (Z Wy ﬁ

Hru(HYTHY(HTHS +hee.} + {Ra (HE YD) (HE T
+rrs (| HU HPHHETHS?) + Ras ([ HE

i—1 i—1
)+hc}

d
1|2‘|‘|H;LTX2 )

2 2
+n16<HzTH§><Z Hﬁ*Hﬁ) + {rar(HY HYY HY HY e} + ng(Z er*H712>

i=1

i=1

2
+ {mg(H;”Hg) (Z H;”Hid)Jrh.c } {@0 (HYTHY) (Z HdTH“>—|—h c. }

i=1

=1

o {(HTH (HS HE) + (HTHD) (HSHD) + hee)
+{ma{ (2 H! ><HdT HY) + (Humgwd* H} + he)
o [(H HO (HE HY) + (HY HY)(HS HY + he)
+{fez4{(H;”Hf)(Hi”H ) + (Hvt g (H“THd)} +hed
o (H E () + (Y (HE D + hee)
+{m26{(H§TH%)( HY) + (HYHD @ HD)Y +hee)
o {(HEND (T HY) + (HS D) (HSTHY)} + hoe)
+{ros{(H} H?)(H“T 4 (H HD(H DY + hee.)
+{/<29{(H“THfl)(xdTH )+ (H H) G HE)Y + hee)
+{mso{ (H2Tx d>< "uy) + (HE ) HEHY)) + he)
+H{ra {(H ) (HY ;f)+(HuT O(HYHYY + he.)
s { (HTHD (HE D) + (H HY) (H D)} + hoe)
+{ras { (2T HE) (x *Hn (T HY) (G HE)} + hie)

In our numerical analysis we restricted ourselves to the inclusion of a minimal number

of terms from Viixeq Which break all accidental symmetries such that only three Higgs
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particles remain massless which are eaten by the W+ and Z° boson. As explained in the
main part of the text, the three terms ko, k5 and k19 are sufficient.
The numerical example in section and section needs the following VEV

configuration

(H™)=61.5GeV, (HO=(HH=(xD=(x1)=61.5GeV, (H")=61.5e" 7 GeV

s

and (Hy)=61.5 e’ T GeV

which allows real parameters in the potential Vy, as all fields HY, Hf’2 and X[1172 have
real VEVs. Furthermore we can remove the phase of o3 such that we are left with three
complex parameters stemming from Vipixeq.

The mass parameters are chosen to be around the electroweak scale, i.e. u¥ = 100GeV,
pnh = 200 GeV, pd =100 GeV, ,u% = 200 GeV and ,&% = 150 GeV. One possible setup of
quartic couplings is then:

AU=0.959337 ,  AU=2.52548 ,  AY=0.374967 , AN4=—0.588842, 0V=1.62353,
oU4=—0.276964 , o4=—0.283914 ,

A=1.70438 , A=3.76598 , N=1.47549 ,  A\9=-0.344036 , A\9=—0.185157 ,
M=-0.304589 , \I=—0.733236 , 09=0.22429, 59=4.6792, 03=—0.87457 ,
59=—2.0284,  09=0.961454, 53=0.649984 , TI=2.96557 , 7$=1.22903 ,
8=-2.02133, 7{=—1.22242, 78=—2.31577, 78=2.38236, m4=—0.660102 ,
wi=0.452165 ,  wi=—2.112, wi=—1.63452 ,

ko=-0.638073+10.0277608 , ~5=0.312782+1%0.140162 , K19 = —0.278402—¢0.124756

Note that all parameters have absolute values smaller than 5 and hence they are still
in the perturbative regime. With these parameter values we obtain the desired VEV
structure. The Higgs masses are then 513 GeV, 499 GeV, 426 GeV, 414 GeV, 386 GeV,
365 GeV, 321 GeV, 266 GeV, 246 GeV, 227 GeV, 178 GeV, 159 GeV, 134 GeV, 81 GeV and
55 GeV for the neutral scalars. Due to the explicit CP violation in the potential we can no
longer distinguish between scalars and pseudo-scalars. For the charged scalar fields we get
367 GeV, 333 GeV, 294 GeV, 261 GeV, 145 GeV, 115 GeV and 55 GeV. They are therefore
in general too light to pass the constraints coming from direct searches as well as from
bounds on FCNCs. Nevertheless, soft breaking terms of mass dimension two of the order
of 10 TeV could lift the masses above these experimental bounds.

References

[1] A. Blum, C. Hagedorn and M. Lindner, Fermion masses and mizings from dihedral flavor
symmetries with preserved subgroups, prXiv:0709.3450.

[2] C.S. Lam, Symmetry of lepton mizing, [Phys. Lett. B 656 (2007) 193 [rrXiv:0708.366].

[3] E. Ma, Ay symmetry and neutrinos with very different masses, [Phys. Rev. D 70 (2004)|

031901| [hep-ph/0404199];

— 925 —


http://arxiv.org/abs/0709.3450
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB656%2C193
http://arxiv.org/abs/0708.3665
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD70%2C031901
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD70%2C031901
http://arxiv.org/abs/hep-ph/0404199

G. Altarelli and F. Feruglio, Tri-bimazimal neutrino mizing from discrete symmetry in extra

dimensions, [Nucl. Phys. B 720 (2005) 64 [hep-ph/050416§]; Tri-bimazimal neutrino miving,
Ay and the modular symmetry, [Nucl. Phys. B 741 (2006) 213 lhep-ph/0512103;

K.S. Babu and X.-G. He, Model of geometric neutrino mizing, hep—ph/0507217;

I. de Medeiros Varzielas, S.F. King and G.G. Ross, Tri-bimaximal neutrino mizing from
discrete subgroups of SU(3) and SO(3) family symmetry, [Phys. Lett. B 644 (2007) 153
lhep-ph/0512313;

X.-G. He, Y.-Y. Keum and R.R. Volkas, A flavour symmetry breaking scheme for
understanding quark and neutrino mizing angles, [JHEP 04 (2006) 039 [hep—ph/0601001];
E. Ma, Tribimazimal neutrino mixing from a supersymmetric model with Ay family
symmetry, Phys. Rev. D 73 (2006) 057304 [hep-ph/0511133;

F. Bazzocchi, S. Kaneko and S. Morisi, A SUSY Ay model for fermion masses and mixings,
brXiv:0707.3039.

C.S. Lam, Mass independent textures and symmetry, [Phys. Rev. D 74 (2006) 113004

F. Feruglio, C. Hagedorn, Y. Lin and L. Merlo, Tri-bimaximal neutrino mizing and quark
masses from a discrete flavour symmetry, [Nucl. Phys. B 775 (2007) 120 [hep—-ph/0702194].

G. Altarelli and F. Feruglio, Tri-bimazimal neutrino mizing from discrete symmetry in extra
dimensions, [Nucl. Phys. B 720 (2005) 64 [hep-ph/0504168|; Tri-bimazimal neutrino mizing,
Ay and the modular symmetry, Nucl. Phys. B 741 (2006) 215 [hep-ph/0512103].

S.L. Chen and E. Ma, Discrete symmetry and CP phase of the quark mixing matriz,

PARTICLE DATA GROUP collaboration, W.M. Yao et al., Review of particle physics, [J. Phys

C. Jarlskog, Commutator of the quark mass matrices in the standard electroweak model and a

M. Jamin, Quark masses, talk given in Granada Spain (2006), http://personal.ifae.es/jamin /|

C.D. Froggatt and H.B. Nielsen, Hierarchy of quark masses, Cabibbo angles and CP

C. Hagedorn, M. Lindner and F. Plentinger, The discrete flavor symmetry Ds,

M.C. Gonzalez-Garcia, Global analysis of neutrino data, [Phys. Scripta T121 (2005) 79

M. Maltoni, T. Schwetz, M.A. Tortola and J.W.F. Valle, Status of global fits to neutrino

[4]
[hep-ph/0611017).
[5]
[6]
[7]
Lett. B 620 (2005) 151 [hep-ph/0505064].
8]
G 33 (2006) 1.
[9]
measure of mazimal CP violation, [Phys. Rev. Lett. 55 (1985) 1039.
[10]
[11]
violation, [Nucl. Phys. B 147 (1979) 271.
[12]
74 (2006) 02500'] [hep-ph/0604264].
[13] C. Hagedorn, in preparation.
[14]
[hep-ph/041003(].
[15]
oscillations, |[New J. Phys. 6 (2004) 122 [nep-ph/0405179].
[16]

P.F. Harrison, D.H. Perkins and W.G. Scott, Tri-bimazimal mixing and the neutrino
oscillation data, |Phys. Lett. B 530 (2002) 167 [hep-ph/0202074];

P.F. Harrison and W.G. Scott, Symmetries and generalisations of tri-bimazximal neutrino
mixing, [Phys. Lett. B 535 (2002) 163 [hep-ph/0203209;

Z.-z. Xing, Nearly tri-bimazimal neutrino mizing and CP-violation, |Phys. Lett. B 533 (2002)

8 [hep-ph/0204049;

P.F. Harrison and W.G. Scott, Permutation symmetry, tri-bimaximal neutrino mizing and
the Ss group characters, [Phys. Lett. B 557 (2003) 7¢ [hep—ph/0302024].

— 26 —


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB720%2C64
http://arxiv.org/abs/hep-ph/0504165
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB741%2C215
http://arxiv.org/abs/hep-ph/0512103
http://arxiv.org/abs/hep-ph/0507217
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB644%2C153
http://arxiv.org/abs/hep-ph/0512313
http://jhep.sissa.it/stdsearch?paper=04%282006%29039
http://arxiv.org/abs/hep-ph/0601001
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD73%2C057304
http://arxiv.org/abs/hep-ph/0511133
http://arxiv.org/abs/0707.3032
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD74%2C113004
http://arxiv.org/abs/hep-ph/0611017
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB775%2C120
http://arxiv.org/abs/hep-ph/0702194
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB720%2C64
http://arxiv.org/abs/hep-ph/0504165
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB741%2C215
http://arxiv.org/abs/hep-ph/0512103
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB620%2C151
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB620%2C151
http://arxiv.org/abs/hep-ph/0505064
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JPHGB%2CG33%2C1
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JPHGB%2CG33%2C1
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C55%2C1039
http://personal.ifae.es/jamin/
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB147%2C277
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD74%2C025007
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD74%2C025007
http://arxiv.org/abs/hep-ph/0604265
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHSTB%2CT121%2C72
http://arxiv.org/abs/hep-ph/0410030
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NJOPF%2C6%2C122
http://arxiv.org/abs/hep-ph/0405172
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB530%2C167
http://arxiv.org/abs/hep-ph/0202074
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB535%2C163
http://arxiv.org/abs/hep-ph/0203209
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB533%2C85
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB533%2C85
http://arxiv.org/abs/hep-ph/0204049
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB557%2C76
http://arxiv.org/abs/hep-ph/0302025

[17] ALEPH collaboration, J. Alcaraz et al., A combination of preliminary electroweak
measurements and constraints on the standard model, hep-ex/0612034.

[18] W. Grimus and L. Lavoura, A discrete symmetry group for mazimal atmospheric neutrino
mixing, |Phys. Lett. B 572 (2003) 189 [hep-ph/0305046].

[19] W. Grimus and L. Lavoura, S3 X Zs model for neutrino mass matrices, JHEP 08 (2005) 013
[hep-ph/0504153.

— 27 —


http://arxiv.org/abs/hep-ex/0612034
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB572%2C189
http://arxiv.org/abs/hep-ph/0305046
http://jhep.sissa.it/stdsearch?paper=08%282005%29013
http://arxiv.org/abs/hep-ph/0504153

